An analysis of the couplings of the 210 dimensional SO(10) vector multiplet to matter is given. Specifically we give an SU(5) × U(1) decomposition of the vector couplings 16 ± − 16 ± − 210, where 16 ± is the semispinor of SO(10) chirality ±, using a recently derived basic theorem. The analysis is carried out using the Wess-Zumino gauge. However, we also consider the more general situation where all components of the vector multiplet enter in the couplings with the chiral fields. Here elimination of the auxiliary fields leads to a sigma model type nonlinear Lagrangian. Interactions of the type analysed here may find applications in effective theories with the 210 vector arising as a condensate. The analysis presented here completes the explicit computation of all lowest order couplings involving the 16 ± of spinors with Higgs and vectors multiplets using the basic theorem.
Introduction
In the usual couplings of vector bosons, the vector bosons belong to the adjoint representation of the gauge group ( V a , a=1,..,N) and thus have one to one correspondence with the number of generators of the gauge group (T a , a=1,..,N) . This allows one to form the Lie valued quantity V = V a T a which enters prominently in the construction of Yang-Mills gauge interactions which describe the self interactions of the gauge bosons. Further, one also utilizes the Lie valued quantities to couple the vector bosons to matter. In supersymmetric theories one essentially uses the same strategy in that one also uses Lie valued quantities and further one uses the Wess-Zumino gauge [1] in which the vector multiplet is reduced to just three components, V µ , λ, D, where V µ is the spin 1 vector field, λ is a spin 1 2 Majorana fields and D is an auxiliary field. The question arises how one may construct the couplings of a vector multiplet which does not belong to the adjoint representation.
We focus here on the group SO (10) which is one of the groups under considerable scrutiny as it is a possible grand unification group for the unification of the electroweak and of the strong interactions [2] . Thus, for example, in SO(10) one has a 16 dimensional spinor representation which can accomodate a full one generation of quarks and leptons and its vector couplings have the following decomposition 16 × 16 = 1 + 45 + 210 (1) Thus while it is straightforward to couple 1 and 45 plet of vectors with the 16 × 16 using the usual Yang-Mills construction, and for the case of supersymmetry using the supersymmetric Yang-Mills construction, the same procedure does not apply to the coupling of the vector 210 multiplet. Recently, we have given a complete computation of the couplings in the superpotential which involve the 16 plet of matter [3, 4] . In Ref. [3, 4] a "basic theorem" using oscillator method [5, 6] was developed which allowed one to carry out explicit analytic computations of the SO(10) couplings. Since 16 × 16 = 10 + 120 + 126 we have given a complete determination of the couplings of matter -matter -Higgs couplings of the type 16 − 16 − 10, 16 − 16 − 120 and 16 − 16 − 126 [7, 8] . The present analysis is motivated by similar considerations where we wish to give a complete analysis of the vector couplings of 16 × 16. While the vector couplings 16 − 16 − 1 and 16 − 16 − 45 are straightforwardly given by the standard analysis, this is not the case for the 16 − 16 − 210 vector coupling. Here we need a new technique to address this question. The purpose of this paper is to do just that. In this paper we consider the couplings of the supersymmetric vector 210 multiplet in SO (10) . We focus on this construction both for the theoretical challenge of constructing such couplings as well as for the possibility that such interactions may surface in some future effective theories to describe fully all the degrees of freedom at some relevant energy scale.
The outline of the rest of the paper is as follows: In Sec.2 we follow the conventional approach and give the coupling of the 210 multiplet with 16 plet of matter, i.e., we compute the couplings 16 ± − 16 ± − 210 in the Wess-Zumino gauge and we carry out a full SU (5)×U (1) decomposition of it. Elimination of the auxiliary fields is carried out in Appendix C. At the very outset we discard the constraint of gauge invariance since the imposition of such a constraint is untenable for the 210 multiplet. In Sec.3 we consider the more general couplings of the 210 multiplet retaining all the components of the vector multiplet, i.e, we do not impose the Wess-Zumino gauge constraint [1] . In the construction we use the superfield formalism [9] to guarantee that we have explicit supersymmetry at all stages in the theory. In this case elimination of the auxiliary fields leads to a non-linear Lagrangian with infinite order of nonlinearities in it. The general technique underlying this procedure is illustrated in Appendix G for the U (1) case. This analysis has some resemblance to the analysis of Ref. [10] which also used a unconstrained vector multiplet, i.e., it did not impose the constraint of the Wess-Zumino gauge [1] . However, the analysis of Ref. [10] did not include an explicit mass term for the vector multiplet, nor the self interactions of the vector fields and it did not integrate the auxiliarly fields. In fact the motivation of the work of Ref. [10] was very different in that the analysis of Ref. [10] was geared to study spontaneous symmetry breaking and generation of vector boson masses in that context. Returning to the 210 multiplet we note that since the 210 vector multiplet interaction cannot be gauge invariant, one must view its interactions only as effective interactions and thus the appearance of sigma model type nonlinearities here are quite acceptable. In Sec.4 we give the conclusions. Appendix A is devoted to notation and definition of the components of the vector and chiral superfields. Normalization of the dynamical modes are given in Appendix B. An elimination of the auxiliary fields appearing in Sec.2 is given Appendix C and an illustration of the SO(10) couplings of Sec.3 is given in Appendix D. For completeness an SU(5) × U(1) decomposition of the singlet vector couplings and of the 45 vector couplings are given in Appendices E and F. 
where P denoting the sum over all permutations and δ P takes on the value 0 (1) for even (odd) permutations. V µνρλ (µ, ν, λ, ρ=1,2,..,10) is the vector superfield, Φ (+)a is the 16 + chiral superfield (a is the generation index) and Γ µ satisfies a rank-10 Clifford algebra, [Γ µ , Γ ν ]= 2δ µν . In the following we give a full exhibition of the couplings to only linear order in the vector superfield in terms of its SU(5) × U(1) decompostion but a similar analysis can be done for couplings involving higher powers of the superfield. Thus using the analysis of Ref. [3, 4] we find that the 16 + 16 + couplings can be decomposed as follows
(1)auxiliary = h
(2)auxiliary = h
In the above the upper case Latin letters (A, B, C, D) are the Lorentz indices while the Greek letters with tilde's(α,β, ...)are Weyl indices. Similarly we find
where
and so on. Similarly for the 16 − 16 − couplings we find
Further, the kinetic energy for the vector multiplet is given by
Explicit evaluation of Eq. (1) gives
Finally, the superpotential of the theory is taken to be
where µ ab is taken to be a symmetric tensor and B is the usual SO (10)charge conjugation operator . Thus we have
Elimination of the auxiliary fields is carried out in appendix C.
3 A more general analysis of 16 + − 16 + − 210 vector couplings
In this section we consider the couplings of the unconstrained 210 vector multiplet with matter, i.e., in the analysis we use the full vector multiplet rather than the truncated one under the constraint of the Wess-Zumino gauge. An illustration of this procedure is given in Appendix G for the U(1) case. The Lagrangian that governs the interactions of the 210 multiplet consists of the kinetic energy term for the 210 plet, self interactions, and interactions of the 210 plet with 16 and 16 of matter. For generality we also include a mass term for the 210 vector multiplet.
As in Appendix G we will not impose the Wess-Zumino gauge but keep the full multiplet. Thus we take the Lagrangian governing the 210 vector multiplet to be
In the above the Greek subscripts(α, β, ...) are the SO (10) V +Φ one may add additional terms as well. However, the line of construction remains unchanged and the inclusion of additional terms only brings in more complexity. Thus to keep the analysis simple we omit such terms. Evaluating Eq. (13) we get
auxiliary (14) Where we have defined for brevity
and so on. Further
Note that each of the chiral fields, S (≡ A, Ψ, F ) can be expanded in terms of its SU(5) components as
We will expand some of the terms appearing in Eq. (14) in appendix D.
The Lagrangian containing the auxiliary fields is given by
Finally, eliminating the auxiliary fields we obtain
Conclusion
In this paper we have given an explicit computation of the couplings of the 210 dimensional SO (10) 
Appendix A
In this section we define the notation for the components of the vector superfield and for the chiral superfield used in the text. For the vector superfield we have the expansion
while for the chiral superfields we have the expansion
6 Appendix B
In this appendix we normalize the irreducible SU (5) 
so that
The normalized SU(5) fields appearing in B µνρσ are
The normalized SU (5) fields appearing in Λ µνρσ are
7 Appendix C
In this appendix we eliminate the auxiliary fields, D µνρσ and F (±) of section 2. We find
SU (5)expansion of these expressions gives
ab,cd + 16η
ab,cd + 8η
ab,cd + 6η
ab,cd + 18η
where η's are defined by
We also find
In this appendix we exhibit, for the benefit of the reader, a few SU(5) expansions of the terms appearing in our final Lagrangian Eq.(14). We begin by noting that any of the chiral fields S (≡ A, Ψ, F ) can be expanded in terms of its SU (5) components as
Together with the normalizations of appendix B and the basic theorem given in Ref. [3] , we can expand terms such as
whereV µνρσ = V A ρσλτ V Aλτ µν . Thus we find
9 Appendix E
In this appendix we give the complete supersymmetric couplings containing the singlet of SO (10) .
Thus we have
(
Further,
where q (±) are the U(1) charges. Expanding e
we have
where the quantities entering Eq.(47) are determined by Eqs. (48) - (54) below
Finally, L
W appearing in Eq. (42) is given by
Evaluation of Eq. (55) gives
auxiliary
Elimination of the auxiliary fields F (±) through their field equations gives
Similarly, after eliminating the field D we get (61) 10 Appendix F
In this appendix we give the complete supersymmetric vector couplings for the 45-dimensional tensor of SO (10) in the Wess-Zumino gauge
where M µν are the 45 generators in the vector (10-dimensional) representation that satisfy the following Lie algebra
and take on the form
and V µν in the Wess-Zumino gauge is given by
Finally we have
To normalize the SU (5) V ABµν V AB µν , we carry out a field redefinition
Next we look at the second term in Eq.(62)
Σ µν being the 45 generators in the spinorial representation. We find
Similarly for 16 − 16 − − couplings we have 
Next we evaluate couplings to 16 + 16 + of matter which are quadratic in the vector multiplet fields. We have
and where µ ab is taken to be a symmetric tensor. Thus we have
Eliminating the fields, F (±) through their field equations we get
Similarly, eliminating the auxiliary field D µν we get The terms above when expanded in terms of SU (5) 
11 Appendix G
In this Appendix we discuss the coupling of the U(1) vector with matter without imposition of the constraint of the Wess-Zumino gauge. We consider the following Lagrangian which couples the vector multiplet with a scalar multiplet Φ. (89) where
Finally, the superpotential W( Φ) of the theory is
The couplings M ab and G abc are taken to be completely symmetric tensors. Expansion in component form gives
